The results of quantum analysis of the light generated by consecutive and simultaneous quasi-phase-matched (QPM) wave interactions in periodically poled nonlinear crystals (PPNCs) are presented. In the case of the consecutive interactions of waves with multiple frequencies ω, 2ω and 3ω, the parametric amplification at low-frequency pumping is investigated. Generation of the quadrature-squeezed light at frequencies ω and 3ω in the 2ω frequency pumping field, the photon statistics and correlation as well as the entanglement properties for photons produced at different frequencies are studied. In the case of simultaneous QPM spontaneous parametric down-conversion processes in single PPNC, the main attention is paid to obtaining the polarization-entangled states at the collinear geometry of the wave interaction.
Introduction
Modern sources of entangled photon states and squeezed light are usually based on the parametric down-conversion process. This is a process in which photons of intensive laser radiation with frequency ω 3 are split into two photons with frequencies ω 1 and ω 2 so that ω 3 = ω 1 + ω 2 [1, 2] . In this case, besides the energy conservation law, the momentum conservation law must be fulfilled, so that k 3 = k 1 + k 2 , where k j is the wavenumber corresponding to the frequency ω j . The last condition is called the phase matching condition.
At present, parametric optical frequency convertors and corresponding sources of squeezed light and entangled photon states are, in the most cases, realized using homogeneous nonlinear optical crystals. On the other hand, in recent years the so-called periodically poled nonlinear crystals (PPNCs), i.e. polydomain crystals with inverted optical axes of neighbouring domains, have attracted a lot of attention. In PPNCs it is possible to implement the quasi-phase-matched (QPM) wave interactions that serve as an alternative technique for the realization of conditions of the effective energy exchange between interacting waves. In such crystals, the phase mismatch between wavevectors of interacting waves can be compensated by means of the vector of a reciprocal nonlinear grating. QPM interactions allow us to apply nonlinear crystals even if their birefringence is not able to compensate the phase mismatch of interacting waves and use the maximum nonlinear coefficient by choosing wave polarizations. These two circumstances commonly attract the interest of researchers. Now conventional three-frequency QPM interactions are extensively used for second-harmonic generation, obtaining sum and difference frequencies and optical parametric generation [3] . Since 1995, QPM interactions have been applied to generate nonclassical light [4] .
In this paper, we address new possibilities of QPM wave interactions from the viewpoint of generation of squeezed light and entangled photon states. First of all, we shall deal with consecutive QPM interactions. Consecutive interactions are the coupled nonlinear optical processes in which one process is followed by the other. These processes have a number of important features (see [5] ). It should be pointed out that, in the case of two consecutive three-frequency interactions, a process of parametric amplification at low-frequency pumping can be realized [6] . This cannot be implemented in the conventional three-frequency processes. Note that some results of analysis of the squeezed-light generation in consecutive interactions of co-propagating and counter-propagating waves with multiple frequencies ω, 2ω and 3ω have been reported in [7, 8] . We shall also show that at the QPM interactions one can realize simultaneous processes which can be used for the generation of entangled photon states in collinear geometry of the wave interaction.
Interaction Hamiltonians for consecutive and simultaneous processes
In this section, we present models of consecutive and simultaneous QPM three-frequency interactions.
The interaction Hamiltonians for these processes are considered for the situation which can be implemented, for example, in a periodically poled LiNbO 3 crystal.
Consecutive interactions with multiple frequencies
Let us consider two consecutive QPM processes of the wave interaction at multiple frequencies ω, 2ω and 3ω. In this case, there exist four types of consecutive interaction [5] two down-conversion processes, the process of third-harmonic generation and the parametric amplification at low-frequency pumping. What type of process is dominant depends on the wave's intensity and frequency and peculiarities of the wave interactions. In the case of parametric amplification at lowfrequency pumping, a wave with frequency 3ω is amplified in the field of a wave with frequency 2ω. This process is very interesting from the viewpoint of nonclassical light generation. It is this case that we shall study below.
So, let the frequency of an intensive wave incident on PPNC be 2ω. And let degenerate parametric amplification take place at the first step, i.e. a photon of frequency 2ω is split into two photons, each with frequency ω. This process is described by the following interaction Hamiltonian:
where a + j (a j ) is the creation (annihilation) Bose operator of a photon with frequency jω, γ 2 is the nonlinear coupling coefficient, g(z) is the periodic function equal to +1 or −1 at the domain thickness l d , k 2 = k 2 −2k 1 is the phase mismatch and k j = k(j ω) is the wavenumber.
The down-conversion process considered is followed by an up-conversion process, with one photon with the frequency ω being combined with a photon with the frequency 3ω. The up-converted signal frequency is equal to 3ω. The interaction Hamiltonian corresponding to the second step is given by the expression
Here γ 3 is the nonlinear coupling coefficient for the upconversion process, the operators a + 3 and a 3 are related to photons with frequency 3ω, and k 3 = k 3 − k 2 − k 1 . Note that we consider the collinear interactions of co-propagating waves.
The total interaction Hamiltonian for the consecutive processes under consideration reads
The conditions of simultaneous quasi-phase-matching for down-and up-conversion processes under study take the form
where = 2l d is the period of the g(z) function modulation and m j = ±1, ±3, . . . are the quasi-phase-matching orders. The first demonstration of the possibility of fulfilling the conditions (4) in PPNCs has been reported for the LiNbO 3 crystal [9] . If the nonlinear interaction length is much more than the modulation period and the conditions (4) are fulfilled, one can average the interaction Hamiltonian (3) over the period . As a result, we obtain
Expression (5) does not contain an explicit dependence on z, that simplifies the further analysis.
Simultaneous parametric down-conversion processes
Now we shall study simultaneous QPM parametric downconversion processes with the pumping wave frequency ω 3 and the signal frequencies ω 1 and ω 2 , and
Consider two ways of implementation of spontaneous parametric down-conversion: (i) a wave with the frequency ω 1 is the ordinary wave labelled by (o) and a wave with the frequency ω 2 is the extraordinary wave labelled by (e); (ii) vice versa, a wave with the frequency ω 1 is the extraordinary wave and a wave with the frequency ω 2 is the ordinary one.
For both cases, the conditions for QPM interactions are defined by the following expressions:
where the QPM orders are m 1 and m 2 . However, besides the QPM conditions, it is necessary that the nonlinear coupling coefficients for these waves are not equal to zero. Our analysis has shown that the coefficients for the processes considered are not equal to zero in the LiNbO 3 crystals for the pumping wave with the ordinary polarization; the coefficient is d 15 .
The process under study is described by the interaction Hamiltonian (9) where the nonlinear coupling coefficientsγ 1 andγ are referred to the processes (7) and (8), respectively, and H.c. denotes Hermitian conjugate. Analogously to the case of deriving (5), the Hamiltonian (9) was written taking into account the QPM conditions (7) and (8), i.e. expression (9) is averaged over the nonlinear susceptibility modulation period .
Using the interaction Hamiltonians (5) and (9) one can obtain Heisenberg equations describing dynamics of operators a j (a + j ) (j = 1, 2, 3).
Squeezed quantum states at consecutive interactions
First, we study the consecutive processes.
In the approximation of an undepleted classical low-frequency pumping wave, the interaction Hamiltonian (5) takes the form
where κ j =γ j A 2 and A 2 = a 2 .
The Heisenberg equations corresponding to the Hamiltonian (10) and describing the space evolution of operators read
One can write the general solution to these equations [7, 10] . However, for our analysis, it is convenient to use the description by means of quadrature components.
Variances of quadrature components
We write the Bose operators through the operators of quadrature components
where j = 1, 3 and θ j is the phase of the heterodyne wave employed for measuring the j th quadrature component. Using the commutation relations for the Bose operators [a j , a
is the Kronecker symbol), one arrives at the following commutation relations for the quadrature components:
It is not difficult to obtain evolution equations for the quadrature components. In the general case, we obtain a system of four coupled equations and the dynamics of the quadrature components depends on many parameters of the problem. However, the analysis becomes much simpler if the conditions cos φ 1 = cos φ 2 = 0 occur, where 
The solution to equation (18) can be written as follows:
where the operator X j = X j (z = 0) corresponds to the nonlinear-crystal input.
The functions K 1 (z), K 3 (z) and K(z) depend on the relative value of the nonlinear coefficients |κ 2 | and |κ 3 |. For the case γ 2 = |κ 2 | 2 − |κ 3 | 2 > 0, they take the form
If the parameter γ
In expressions (22) and (24) the upper and lower signs refer to K 1 (z) and K 3 (z), respectively. The function K(z) is associated with the mutual influence of fluctuations of the quadrature components.
If |κ 3 | = 0, then the conventional parametric amplification in the high-frequency pumping field occurs. The X 1 -quadrature fluctuations decrease and the X 3 -quadrature fluctuations remain unchanged:
For the initial field, the states are vacuum or coherent states with the frequencies ω and 3ω; the quadrature variances are
The functions Q j (z) read
for γ > 0,
for γ 0 > 0.
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It follows from (27)-(29) that the variances of the X 1 and X 3 quadratures are smaller than the variance of the vacuum fluctuations, which is equal to unity. In accordance with the quantum mechanics uncertainty relation, the variances of the Y 1 and Y 3 quadratures exceed the level of the vacuum fluctuations (see section 3.3). Figure 1 illustrates the behaviour of the X 1 and X 3 quadratures in a nonlinear crystal as functions of its length and the ratio of nonlinear coupling coefficients |κ 3 /κ 2 |. One can see that the variances of these quadratures decrease with the increase in the crystal length. The reductions of the quadrature fluctuations are correlated. However, the variance of the X 1 quadrature increases a little with growing ratio |κ 3 /κ 2 |, whereas the variance of the X 3 quadrature decreases. At |κ 3 | = |κ 2 |, simpler formulae are obtained for the functions
From figure 1 and equation (30) it follows that fluctuations of the X 3 quadrature are always larger than fluctuations of the X 1 quadrature. Such behaviour of the variances in the consecutive processes is fairly understandable. First, the field in the quadrature-squeezed state is produced at the degenerate parametric down-conversion. Then photons of the field are up-converted into photons with higher frequency. The latter process occurs randomly as well.
Correlation of quadrature components
Let us now calculate a correlation coefficient between the X 1 and X 3 quadrature components
where the initial fields are assumed to be in the vacuum state. Using formulae (22)-(24) one can obtain R = 2|κ 2 κ 3 |γ −2 e −2|κ2|z sinh 2 γ z for γ > 0, (32)
It is worth noting that in the case γ In the general case, the expression for the correlation coefficient r has a cumbersome and non-obvious appearance. The simple result is obtained for |κ 2 | = |κ 3 |; it is r = 2(|κ 2 |z) 
The degree of correlation between the X 1 and X 3 quadratures increases with the growth of the interaction length, which is moving to unity. 
Photon statistics and correlation
In terms of the quadrature components, the photon number operator n j (z) is written as
In the case under consideration (sin φ 1 = − sin φ 2 = 1), the dynamics of the Y 1 and Y 3 quadratures is described by equations which are obtained by replacing X j and |κ 2 | in equations (18) and (19) with Y j and −|κ 2 |, respectively. As a result, for the Y 1 and Y 3 quadratures we obtain the formulae
where the operator Y j = Y j (z = 0) corresponds to the input.
Analogously to the above considerations, there are two cases.
In particular, if γ 2 = |κ 2 | 2 − |κ 3 | 2 > 0 we have (compare with (22) and (23)) (24) and (25))
Below we restrict our consideration to the case |κ 2 | = |κ 3 |. After some algebra, one obtains the following result for the photon number mean n j and the variance ( n j ) 2 of the photon number:
where g = |κ 2 |z. The upper sign corresponds to the frequency ω and the lower one to the frequency 3ω.
From the analysis of expressions (42) and (43) it follows that the mean photon numbers and variances of photon numbers increase with increasing parameter g. However, their values are larger for the frequency ω than for the frequency 3ω. An estimation of the Fano factor defined by the ratio
2 (z) / n j (z) shows that for g 1 the factors F 1 ≈ 2 and F 3 ≈ 1. This means that the statistics of photons with frequency ω is a super-Poissonian one and the statistics of photons with frequency 3ω is close to the Poissonian one. The first result is well known from the theory of degenerate threefrequency parametric amplification while the latter is rather unexpected. The point is that photons with frequency 3ω arise from up-conversion of photons with frequency ω possessing the super-Poissonian statistics. Therefore, for a relatively small length of interaction, the up-conversion process is accompanied by a suppression of photon fluctuations.
The dependence of mean photon numbers and the Fano factors on the parameter g for the general case are presented in figure 2 . One can observe a correlation between the statistical characteristics of photons with different frequencies. The correlation between the photon number fluctuations at frequencies ω and 3ω is defined by R n = n 1 n 3 . For the case |κ 2 | = |κ 3 |, after some algebra, one arrives at R n = g 4 coth 4g. Using (43) one can determine the correlation coefficient
According to (44), in the domain of small values g (g < 1) the correlation coefficient r n is proportional to g (r n 2 −3g/2 ). At the same time, the value r n tends to unity if the parameter g 1, namely, r n = 1 − 0.25g −4 . 
Entangled states at consecutive and simultaneous interactions
In order to analyse nonlinear optical processes from the viewpoint of the entanglement of quantum states, it is worth applying the Schrödinger description. In the Schrödinger picture, evolution of the state vector of a two-frequency field is given by
where |ψ(0) is the vector of the initial state and the Hamiltonian interaction H I is defined by (5) or (9) for consecutive or simultaneous interactions, respectively.
Consecutive interactions
In this case, the initial vacuum state of the two-frequency field is
where subscripts 1 and 3 are related to the frequencies ω and 3ω.
Substituting (10) into (45), in the second order in the nonlinear coupling coefficients |κ 2 | and |κ 3 |, we obtain the following formula for the field state at the crystal output:
and digits outside ket-vectors denote numbers of photons. From (47) it follows that in the first approximation only two photons of frequency ω appear. In the second approximation, either four photons of frequency ω or one photon of frequency ω and one photon of frequency 3ω are produced.
The output field state (47) can be put into a more constructive form
where the normalization coefficients N 1 and N 2 read
Thus, one can see that the two-frequency field state is in the entangled state at the crystal output. One photon of frequency 3ω is registered if and only if one photon of frequency ω is registered. The photon of frequency 3ω is not registered when there are no photons; two or four photons of frequency ω are detected.
Let us now determine the entanglement degree. First, one finds the density operator for the field with frequency 3ω
where Tr 1 is the trace over the state of the field with frequency ω. Hence for the entanglement degree [11] , one obtains
The entanglement degree (52) depends on the product of coefficients |κ 2 | and |κ 3 |. However, it should be kept in mind that the result obtained may be employed at q < 1.
Simultaneous interactions
We now consider the generation of entangled states at interactions including simultaneously two down-conversion processes under the same pumping wave. For this case, the interaction Hamiltonian (9) in the undepleted classical pumping wave takes the form
where κ j =γ j A 3 and A 3 = a 3 . Let the initial states of the field with frequencies ω 1 and ω 2 be the vacuum states:
Then, substituting (53) in (45), in the first order of nonlinear coupling coefficients κ 1 and κ 2 , the state of total field at the crystal output is given by
where superscripts (o) and (e) denote the photon polarization state. For remaining states related only to measured photons, one can write the state vector in the form
where |H j = |1
(o) j and |V j = |1
(e) j . According to (55), in two simultaneous processes under consideration, the generated photons with frequencies ω 1 and ω 2 are in the polarizationentangled state. Certainly, we can obtain two Bell's states if it is possible to change the sign of the ratio of nonlinear coefficients κ 2 /κ 1 . In the case under consideration, the entanglement degree depends on both the ratio of nonlinear coefficients γ 2 /γ 1 and the ratio of QPM orders m 1 /m 2 . Hence one can vary the polarization-entanglement degree by the QPM order. If |κ 2 | = |κ 1 | then the entanglement degree is maximum, i.e. ε(|ψ ) = 1. The considered scheme of obtaining the entangled states is rather simple since it makes use of a single PPNC and collinear geometry of interacting waves.
Conclusion
We have studied the problem of obtaining the squeezed and entangled quantum states at consecutive and simultaneous three-frequency QPM interactions that may be implemented in PPNCs. Consecutive QPM interactions of waves with multiple frequencies ω, 2ω and 3ω allow us to realize the parametric amplification at low-frequency pumping, i.e. the amplification of the wave with frequency 3ω in the pumping field with frequency 2ω. In reality, in these interactions a spontaneous down-conversion process is followed by an upconversion process.
The photons generated with frequencies ω and 3ω have the following properties:
(a) their fields are in quadrature-squeezed correlated states; (b) they are in entangled states and (c) the correlation coefficient of the photon number fluctuations at frequencies ω and 3ω increases with increasing interaction length.
It is worth emphasizing that we obtain a quadraturesqueezed light with frequency 3ω at the pumping frequency 2ω. To produce such light in the conventional three-frequency process it is necessary to use the pumping frequency 6ω, which is three times larger than at the consecutive interaction.
The simultaneous three-frequency QPM interactions considered demonstrate the possibility of obtaining polarizationentangled states in a single nonlinear optical crystal at collinear geometry of the wave interactions.
